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Abstract 



We construct a motivic Eilenberg-MacLane spectrum with a highly structured 
multiplication over smooth schemes over Dedekind domains which represents Le- 
vine's motivic cohomology. The latter is defined via Bloch's cycle complexes. Our 
method is by gluing p-completed and rational parts along an arithmetic square. 
Hereby the finite coefficient spectra are obtained by truncated etale sheaves (rely- 
ing on the now proven Bloch-Kato conjecture) and a variant of Geisser's version of 
syntomic cohomology, and the rational spectra are the ones which represent Bcilin- 
son motivic cohomology. 

As application the arithmetic motivic cohomology groups can be realized as Ext- 
groups in a triangulated category of Tate sheaves with integral coefficients. These 
can be modelled as representations of derived fundamental groups. 
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1 Introduction 

This is the first part of a two-part series on the construction of a motivic Eilenberg- 
MacLane spectrum in mixed characteristic. The main properties of this spectrum are 
that it represents Bloch-Levine's motivic cohomology of smooth schemes over Dedekind 
domains (with perfect residue fields (which is an assumption which is of purely technical 
nature and will propbably be removed)) and that it is an i^-ring spectrum. 

The latter property makes it possible to consider the category of highly structured 
modules over the spectrum, thus defining a triangulated category of motivic sheaves over 
smooth schemes over Dedekind domains whose Ext-groups compute motivic cohomology. 

The outline of this first part is as follows. In section [3] we define motivic com- 
plexes over small sites and describe their main properties, most notably the localization 
sequence due to Levine (Theorem 13. ip . 

In sectionUan J3<» -spectrum is constructed with the main property that it represents 
motivic cohomology with finite coefficients (which follows from Corollary 14. 1.2[) and is 
rationally isomorphic to the Beilinson spectrum. 

For the definition we use an arithmetic square, i.e. we first define p-completed spectra 
for all prime numbers p and glue their product along the rationalization of this product 
to the Beilinson spectrum (Definition 14. 4p . 

The spectra with finite p-power coefficients which define the p-completed parts are 
constructed using truncated etale sheaves outside characteristic p and logarithmic de 
Rham-Witt sheaves at characteristic p. 

In section [5] we define a second motivic spectrum which by definition represents 
integral motivic cohomology. To do that we introduce a strictification process for Bloch- 
Levine's cycle complexes to get a strict presheaf on smooth schemes over a Dedekind 
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domain. Hereby we rely heavily on a moving Lemma due to Levine (Theorem 15. 8|) . 
Using a localization sequence for the pair (A l ,G m ) we obtain bonding maps arranging 
the motivic complexes into a G m -spectrum (see section 15 . 3j) . This section also contains 
the construction of an etale cycle class map (inspired by the construction in [11] ) which 
is compatible with certain localization sequences (Proposition I5.2."3|) . 

In the second part of this series we will show that the two motivic spectra we defined 
here are in fact isomorphic relying on the properties of the motivic complexes shown 
here. This will show that also the first spectrum represents motivic cohomology with 
integral coefficients. 

We also will show that the exceptional inverse image of our spectrum along the 
inclusion of a closed point in the Dedekind scheme yields the appropriately shifted and 
twisted motivic Eilenberg-MacLane spectrum over the residue field. 

Our motivic Eilenberg-MacLane spectrum will be strongly periodizable in the sense 
of [19]. This will show that geometric mixed Tate sheaves with integral coefficients over 
a Dedekind domain can be modelled as representations of an affine derived group scheme 
along the lines of [H] . 

The main open question is the computation of the inverse image of our spectrum with 
respect to the inclusion of a closed point in the Dedekind scheme (which conjecturally 
should be the motivic Eilenberg-Maclane spectrum over the residue field). 

It should be possible to generalize our strictification process in section [5] to define a 
homotopy coniveau tower over Dedekind domains as in [13]. We will come back to this 
question in future work. 

Acknowledgements: I would like to thank Peter Arndt, Joseph Ayoub, Denis- 
Charles Cisinski, David Gepner, Moritz Kerz, Marc Levine, Jacob Lurie, Niko Naumann, 
Thomas Nikolaus and Paul Arne 0stvaer for very helpful discussions and suggestions on 
the subject. 

2 Preliminaries and Notation 

For a site S and a category C we denote by Sh(<S,C) the category of sheaves on S with 
values in C. If R is a commutative ring we set Sh(5,i?) := Sh(5,Mod#), where Mod« 
denotes the category of R- modules. 

For a Noetherian separated base scheme S of finite Krull dimension we denote by 
Schs the category of separated schemes of finite type over S and by Sms the full sub- 
category of Schs of smooth schemes over S. 
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For t e {Zar, Nis, it) we denote by Sm^ the site Smg equipped with the topology 

t. 

For S 1 and t as above we denote by St the site consisting of the full subcategory of 
Sni5 of etale schemes over S equipped with the topology t. 

If m is invertible on S we write Z/m(r) s for the sheaf /i® r on S^f If it is clear from 
the context we also write Z/m(r). 

We let e-Sms^t ~* Sms,Zar an d e'-Sg t -*■ Szar be the canonical maps of sites. 

If X is a presheaf of sets on Smg we let be the sheaf of i?-modules on Smg^ 

freely generated by X. If Y X is a monomorphism we let R[X,Y] t ■- R[X] t / R[Y] t . 

For the rest of the paper we fix a Dedekind domain D of mixed characteristic and 
set S ■- Spec(D). For a prime p we let 5[i] := Spec(£>[±]) and Z p c S the closed 
complement of S[-] with the reduced scheme structure. Then Z p is a finite union of 
spectra of fields of characteristic p. 

For S' the spectrum of a Dedekind domain we let Sm^, be the full subcategory of 
Schs' of schemes X over S' such that each connected component of X is either smooth 
over S' or smooth over a closed point of S'. 

For an F p -scheme Y we let IVnfiy be the De Rham-Witt complex of Y. It is a complex 
of sheaves on Ygt with a multiplication. These complexes assemble to a complex of 
sheaves on the category of all F p -schemes. There are canonical epimorphisms W n +if2y -» 
Wn^ly respecting the multiplication. 

For Y as above let dlog: O y ->■ W^fiy be defined by x h> where x = (x, 0, 0, . . .) is 
the Teichmiiller representative of x. 

The logarithmic De Rham-Witt sheaf W n fiy- log is defined to be the subsheaf of W n Q T Y 
generated etale locally by sections of the form dlogxi . . . dlogx r . Also W" n fiyj is the 
constant sheaf on Z/p n . 

These sheaves assemble to a subcomplex W n Q,y lo ^ of W n Q,y. 

The WrSVy j assemble to a sheaf v T n on the category of all F p -schemes. We set v T n = 
for r < 0. There are natural epimorphisms -»• v^- 

We will also denote restrictions of v r n to certain sites, e.g. to Yz ar or Snu^, k some 
field of characteristic p, by i^. 

If A is an abelian category we denote by 0(A) its derived category. We denote by 
D Al (Sh(Sm^,Z)) the A 1 -localization of D(Sh(Sm 5it ,Z)). 

We let SH(5) be the stable motivic homotopy category and 1-L,(S) the pointed A 1 - 
homotopy category of S. 

We sometimes use the same notation for a (derived) push forward or pullback be- 
tween sheaf categories corresponding to sites induced by a scheme morphism. The 
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precise sites which are used can always be read off from the category which the objects 
to which the functors are applied belong to. 

.Eoo-structures are understood with respect to (the image of) the linear isometries 
operad. 

3 Motivic complexes I 

Let <S" be the spectrum of a Dedekind domain. For X e Sm^/ and r > we denote by 
M x (r) 6 D(Sh(X^ ar , Z)) Levine's cycle complex. A representative is the complex with 
z r (-,2r - i) in cohomological degree i, see [51 §3], [H]. For r < we set M x (r) = 0. 
When it is clear from the context which X is meant we also write A4(r). We also write 
M x t {r) for e*M x {r) and M x (r)/m for M x (r) ® L Z/m. 

Theorem 3.1: (Levine) Let i-Z X be a closed inclusion in Sm' s , of codimension c 
and j-U -*■ X the complementary open inclusion. Then there is an exact triangle in 
D(Sh(X Zar ,Z)) 

Ri*M Z (r-c)[-2c] -* M X (r) -^M.j*M U (r) -+ Ri*M Z (r - c)[-2c + 1]. (1) 

Proof. This is [T21 Theorem 1.7]. □ 

Corollary 3.2: Let i- Z X be a closed inclusion in Sm' s , of codimension c. Then 
there is a canonical ismorphism 

Ri l M X (r) s M Z (r - c)[-2c] 

in D(Sh(X Z ar,Z)). 

Theorem 3.3: For X e Sm^, we have U k {M x (r)) = 0fork>r. 

Proof. This is Corollary 4.4]. □ 
Theorem 3.4: Suppose X e Sm^, is of characteristic p. Then there is an isomorphism 

M X {r)lp n ^S n [-r] (2) 

inD(Sh(X Zar ,Z/p n )). 

Proof. If X is smooth over a perfect field this is [6j Theorem 8.3]. The general case 
follows by a colimit argument (using [9l I. (1.10.1)]). □ 
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Corollary 3.5: Let p be a prime, X e Sm^ and tt-X -*■ S the structure morphism. Let 
i:Z := 7r _1 (Z ? ,) X be the closed and j-U ■- 7T _1 (£[-]) -> X be the open inclusion. Then 
U k (Rj*M u (r) ® L Z/p") = for k> r and the natural map 

H r (^UM u {r)lp n ))^uv r n - 1 (3) 

induced by the triangle and the isomorphism |||) is an epimorphism. 

Proof. This follows from Theorem 13.31 the exactness of i* and the long exact sequence 
of cohomology sheaves induced by the exact triangle (Q]) . □ 

Lemma 3.6: Suppose X e Sm^, is of characteristic p. Then the diagram 

M x (r)/p n+1 ^v r n+1 [-r] 

M x (r)/p n =_>i/J[- r ] 

in D(Sh(Xzar^/p n+1 )) commutes. 

Suppose m is invertible on X e Sm^,. Then there is a cycle class map 

M X (r)/m -» Re*Z/m(r). 

For a definition see the proof of Theorem l3.12l The etale sheafification of the cycle class 
map is an isomorphism in D(Sh(X e - 4 , Z/m)), see [21 Theorem 1.2. 4.]. 

Let /: Y -> X be a flat morphism of schemes for which the motivic cycle complexes 
are defined. Then there is a flat pullback /* M x (r) -> Ai (r). 

Lemma 3.7: Let f:Y^X be a flat morphism of schemes for which the motivic cycle 
complexes are defined. Suppose m is invertible on X. Then the diagram 

f*M x (r)/m ► f*Re*Z/m(r) 

M Y (r)/m >M.e*Z/m(r) 

commutes. 

Proof. This follows from the definition of the etale cycle class map. □ 



Lemma 3.8: Let X e Sm' s , and suppose m is invertible on X. Let m'\m. Then the 
diagram 

M X (r)/m >Re*Z/m(r) 



M X (r)/m' ► Me*Z/m'(r) 

in D(Sh(Xzar, Z/m)) commutes. 

Proof. This follows from the definition of the etale cycle class map. □ 

Theorem 3.9: Let X e Sm^, and suppose m is invertible on X. Then there is an 
isomorphism 

M X (r)/m £ r< r (Me*Z/m(r)) 
in D(Sh(X zar,^ I m)) induced by the cycle class map. 
Proof. By [U Theorem 1.2. 2.] we have 

M X (r)^T< (r+l) Re*M X t (r). 
By Theorem S3] it follows that W +1 e*M x t {r) = 0. Thus 

M x (r)/m = T< r (Me*M X t (r)/m). 
But by [5j Theorem 1.2. 4.] we have 

M X t (r)/m s Z/m(r) 

induced by the cycle class map (see the proof of (5j Theorem 1.2. 4.]). This shows the 
claim. □ 

Theorem 3.10: Let i:Z ->• X be a closed inclusion in Sm' s , of codimension c and 
suppose m is invertible on X. Then there is a canonical isomorphism 

m [ Z/m(r) s Z/m(r - c)[-2c] 

in D(Sh(Z ft ,Z/m)). 

Proof. This is contained in [TTj. □ 
A consequence is the localization/Gysin exact triangle for etale cohomology. 



Corollary 3.11: Let i:Z -*■ X be a closed inclusion in Sm' s , of codimension c and 
j-U X the complementary open inclusion. Suppose m is invertible on X. Then there 
is an exact triangle 

i*Z/m(r - c)[-2c] -> Z/m(r) -*■ Mj*Z/m(r) ->■ i*Z/m(r - c)[-2c + 1] 

in D(Sh(Z e - t ,Z/m)). 

Proof. This follows from Theorem 13.101 and the corresponding exact triangle involving 
RvZ/m(r). □ 

Theorem 3.12: Let i:Z ->• X be a closed inclusion in Sm' s , of codimension c and 
suppose m is invertible on X. Then the diagram 

RvM x (r)/m — > M z (r - c)/m[-2c] 



Ri ! IRe*Z/m(r) 

Re*Mi ! Z/m(r) — Me*Z/m(r - c)[-2c] 

commutes. 

Proof. Let £/ = I\Z. For 1/ e Sm^, we denote by c r (V,n) the set of cycles (closed 
integral subschemes) of V x A™ which intersect all F x y with Y a face of A n properly. 

Let /i® r -*■ Q be an injectively fibrant replacement in Cpx(Sh(Smx,^t,Z/m)). 

Let V e Smx- For W a closed subset of X such that each irreducible component has 
codimension greater or equal to r set Q (V) ■= ker(C/(V) -> C/(V \ W)). 

As in [11| 12.3] there is a canonical isomorphism of H 2r (Q w (V)) with the free Z/m- 
module on the irreducible components of W of codimension r and the map T<2 r G w (V) -> 
/f 2r (0W(y))[_2r] is a quasi isomorphism. 

For V e X<5£ denote by G T (V, n) the colimit of the Q w (V x A") where VF runs 
through the finite unions of elements of c r (V, n). The simplicial complex of Z/m-modules 
T <2rG r (V,*) augments to the simplicial abelian group z r (V, »)/m[-2r]. This augmenta- 
tion is a levelwise quasi isomorphism. We denote by Q r (V) the total complex associated 
to the double complex which is the normalized complex associated to T<2 r (? r (V, •). Thus 
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we get a quasi isomorphism Q r (X) -> z r (X)/m[-2r]. Here for V e Sm^/ the complex 
z r {V) is defined to be the normalized complex associated to the simplicial abelian group 
z r (V,.). 

On the other hand for V € we have a canonical map Q r (V, n) Q(V * A n ) com- 
patible with the simplicial structure. We denote by Q'(V) the total complex associated 
to the double complex which is the normalized complex associated to Q{V x A*). We 
have a canonical quasi isomorphism G(V) -> G'(V) and a canonical map Q r {V) -*■ £?'(y). 
The above groups and maps are functorial in V e X^ t . 

Thus we get a map 

z r (_)/m[-2r] s £T - g' = Q 

in D(Sh(X e - 4 , Z/m)). This is (the adjoint of) the cycle class map. 

Denote by £/, g r ~ c the analogous objects defined for Z instead for X, so we have 
a diagram 

z r - c (_)/m[-2(r - c)] £ g r " c ^Q'Z-Q 

in Cpx(Sh(Z e 'i, Z/m)). 

For 1/ e Sm x set z (y) := ker(g(y) -» £(y|c/)). Thus Z 6 Cpx(Sh(Sm X; ^,Z/m)) 
computes ulr/x*. 

There is an absolute purity isomorphism = i*g[-2c] in D(Sh(Smx, e 't> Z/m)). 
Choose a representative </?: ^ -»■ i*£?[-2c] in Cpx(Sh(Smx,et> Z/m)) of this isomorphism. 
This exists since i*g[-2c] is injectively fibrant. 

For V e X e - 4 denote by g' z (V) the total complex associated to the double complex 
which is the normalized complex associated to gz(V x A*). Moreover let g z (V,n) be 
the colimit of the g w (V x A") where W runs through the finite unions of elements 
of c r ~ c (V\z,n). Denote by g r z (V) the total complex associated to the double complex 
which is the normalized complex associated to T<2rQz^Vi*)- Denote by z r z (V) the 
complex z r ~ c (V\z)- 

set g v {v) == g(v\u), g'viy) ■.= g'(y\u), g r v {v) g r {v\ v ) and z r v {v) z r {v\ v ). 

We have the diagram 
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Gz 



*g 



-+Gu 



i*G'[~2c] <- 



U0 r_c [-2c] *- 



i^" c (_)[-2r] f^- 4(-)[-2r] ► z r (-)[-2r] > ^(-)[-2r]. 

The upper three left most horizontal maps are induced by (p. The lower left square 
commutes by the naturality of the purity maps in etale cohomology. All other squares 
commute by construction. The last two arrows in each horizontal line compose to and 
constitute an exact triangle, thus the second vertical line computes i*Rr of the third 
vertical line. The claim follows. 

□ 

Corollary 3.13: Let i:Z -*■ X be a closed inclusion in Sm' s , of codimension c and 
j-U -*■ X the complementary open inclusion. Suppose m is invertible on X. Then the 
diagram 

i*M z {r - c)/m[-2c] > M x (r)/m > Rj*M u (r)/m > i*M z (r - c)/m[-2c + 1] 



i„.Re*Z/m(r-c)[-2c] 



7 j/m(r) i*Me*Z/m(r-c)[-2c + l] 



Re»t*Z/m(r - c) [-2c] ► Me*Z/m(r) ► Re*Mj*Z/m(r) ► ReJ*Z/m(r - c)[-2c + 1] 

commutes. 
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Proof. The diagram 

i*Ri M X (r)/m ► M x (r)/m ► Rj*M u (r)/m ► i»Ri' M x (r)/m[l] 



t Z/m 



! Z/m(r) 



Rc»*»Ri'Z/m(r) ► Re*Z/m(r) ► Me»Mj»Z/m(r) 

commutes. Thus the claim follows from Theorem 13.121 



lj*Re*Z/m(r) i*Re*Ri ! Z/m(r)[l] 



Vm(r)[l] 



□ 



Theorem 3.14: Lei X 6 Sm^, . Lei q-A\ -*■ X be the projection. Then the canonical 
map 



is an isomorphism in D(Sh(X^ ar , Z)). 
Proof. This is [5j Corollary 3.5]. 



□ 



4 The construction 

4.1 The p-parts 

4.1.1 Finite coefficients 

We fix a prime p and set U ■- £[-], Z := Z p , i- Z ^ S the closed and j: U ^ S the open 
inclusion. 

For a scheme X for which the motivic complexes are defined we set A4 X (r) := 
M X (r)/p n . 

For n > 1 and r e Z let L n (r) := viewed as sheaf of Z/p n -modules on Sm^g-j. 
The pullback j~ : Smg ->■ Srmy, X h> X x 5 £7, induces a push forward 

j !t :Sh(Sm c/jZar ,Z/p n ) Sh(Sm 5iZar ,Z/p ?1 ) 
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(we suppress the dependence on n of the functor j*). The same is true for etale sheaves. 

Similarly, we have the pullback i^Sm^ ->■ Sm^, X ^ X x s Z, inducing also a push 
forward on sheaf categories. 

Let QL n (l) -*■ L n (l) be a cofibrant replacement in Cpx(Sh(Sm[/ ]e -t, Z/p n )) (the 
latter category is equipped with the local projective model structure) and let QL n (l) -*■ 
RQL n (l) be a fibrant replacement via a cofibration. Thus T ■- RQL n (l)[l] is both 
fibrant and cofibrant. 

Recall the decomposition 

lloni D(Sh(SmE/ft)Z/p „ )) (G m>C7 ,Ln(l)[l])=in(l)[l]eL n (0). (4) 

The first summand splits off because the projection G m ^u -»■ U has the section {1}. 
To define the isomorphism of the remaining summand with L n (0) we use the Gysin 
sequence for the situation 

G m>u ^ {1}. 

Let L:'Z/p n [G rn ^u, {l}]et -> T be a map which classifies the canonical element 1 € 
Hg t (& m ,U i L n (l)) under the above decomposition. Note that Z/p n [G mj u, {l}]e't is cofi- 
brant. 

Remark 4.1: The map 2/p n [G m ^] e '( -*■ T induced by i represents the map induced by 
the last map of the exact triangle 

L n (l) -»■ G mj u -> G m ,u L n (l)[l] 
in D(Sh(Sm[/ e -f ,Z)). This follows from the construction of the Gysin isomorphism. 
We get a map 

Sym(/,):Sym(Z/p n [G m>C /,{l}] e -f) -> Sym(T) 

of commutative monoids in symmetric sequences in Cpx(Sh(Sm[/^,Z/p n )), in other 
words Sym(T) is a commutative monoid in the category of symmetric 7L\p n \G m jj , {1}]^- 
spectra Sp^ . In particular it gives rise to an E^-object in Sp^ mj7 . Let Sym(T) -> 
.RSym(T) be a fibrant resolution of Sym(T) in ^<»(Sp{j ) (here i£oo(Sp{j ) is 
equipped with the transfered semi model structure, in particular RSym(T) is underlying 
levelwise fibrant for the local closed projective model structure and is therefore suitable 
to compute the derived push forward along e). 

Lemma 4.2: The map Sym(T) i?Sym(T) is a level equivalence, i.e. Sym(T) is an 
£1- spectrum. 
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Proof. This follows from the fact that we have chosen the map i in such a way that 
the derived adjoints of the structure maps of Sym(T) give rise to the isomorphism 
RHom ((G m] a,{l}),L n (r)[r])^L ra (r-l)[r-l]. □ 



Set A e*(.RSym(T)), so the spectrum A is i?Sym(T) viewed as E^-algebra in 
%/p n [&m,u, {l}]zar-spectra in Cpx(Sh(Sm[/ iZar , Z/p n )). 

We denote by A r the r-th level of A. Thus A r 2 Re*L n (r)[r]. 

Set A' r ■■- T<o(^4 r ) 5 where r<o denotes the good truncation at degree 0, i.e. the 
complex A' r equals A r in (cohomological) degrees < 0, consists of the cycles in degree 
and is in positive degree. 

Thus by Theorem 13.91 there is for every X e Sni(/ an isomorphism 

K\x z „zM*(r)[r] (5) 

in D(Sh(X^ ar , Z/p n )), where A' r \x Zar denotes the restriction of A' r to Xz ar - 

Lemma 4.3: The complexes A' r assemble to a r L\p n \G m jj , {l}]z ar - spectrum A'. This 
spectrum is equipped with an Eoo-structure together with a map of E^- algebras A 1 -*■ A 
which is levelwise the canonical map A' r -*■ A r . 

Proof. This follows from the fact that the truncation r<o is right adjoint to the sym- 
metric monoidal inclusion of (cohomologically) non-positively graded complexes into all 
complexes and that Z/p n [G mi [/, {l}]zar lies in this subcategory of non-positively graded 
complexes. □ 

Let A' -»■ RA' be a fibrant resolution (as -Bex, -algebras in Z/p n [G mt u, {l}]z ar -spectra). 

Proposition 4.4: The map A' -»■ RA' is a level equivalence, i.e. A' is an VL-spectrum. 

Proof. Set m •■= p n . Let X e Snny. Let i: {0} -*■ be the closed, j-G m> x ~* &x the open 
inclusion and q- A x -*■ X the projection. By Corollary 13.111 we have an exact triangle 

~i*Z/m(r - l)[-2] - Z/m(r) A x Rj*Z/m(r) -> i»Z/ro(r - 1)[-1]. 

Note 

Rg»Rj*Z/m(r) = RHom D(Sh(Sm[f , t >z/m) ) (G m>u ,L n (r))\ Xst 

and that M.q* applied to the last map in the sequence gives the projection to the second 
summand in our decomposition Thus by construction of the map l this map also 
gives the inverse of the adjoint of the structure map in RSym(T). 
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By Theorem [I] there is an exact triangle 

~UM n {r - l)[-2] - Mn x {r) - R~j*M n {r) - i*M n (r - 1)[-1]. 

Hence by Theorem 13.31 the canonical map 

T< r (Rj*M n (r)) -» Rj*.M n (r) 

is an ismorphism. Thus in view of Theorem 13.91 the same truncation property holds for 
Rj*T< r Ke*Z/m(r). Thus the map 

Mj*T< r Re*Z/m(r) -* ReJ*Z/m(r - 1)[-1] 

factors through r< r (Re»i*Z/m(r- 1)[-1]). 
Moreover the map 

MjUT< r Re*Z/m(r) =; T< r Rj*T< r Me*Z/m(r) -> T< r Rj*Me*Z/m(r) 

is an isomorphism, thus we have a canonical map 

r< r Re*Z/m(r) A * Mj*r Sr Re*Z/m(r). 

Using Corollary 13. 131 these maps fit into the commutative diagram 

Mn x {r) >R~j*M n {r) >i*M n (r - 1)[-1] (6) 

r< r Re*Z/m(r) A x > Rj*r< r Re*Z/m(r) ► T< r (i*Re*Z/m(r - 1)[-1]), 

where the top row is part of the triangle given by Theorem 13.11 The composition 

K-i [~r] \x Z ar - lHpm(Z/m[G mj[/ , {l}] Zar ,A' r [-r]) \ Xzar 

RHom (Z/ m\G m jr] z ar ,T< r Re*L n (r))\ x Zar 
£ Rg*Rj*T< r Re*Z/m(r) -» r< r (Re,Z/m(r - 1)[-1]) s [~r] |x Zar 
is the identity. 

By Theorem [3J3] Rq*Mt x (r) identifies with M%(r), thus Rq» applied to the left 
bottom arrow in © is an isomorphism to the trivial summand and Rq* of the bottom 
row splits. Thus also Rq* of the top row splits. This shows that in fact 

Rq~i*M n {r - 1)[-1] £ M*(r - 1)[-1] 
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is via the right vertical isomorphism and the right lower map in the diagram isomorphic 
to the non-trivial summand in Mq*Mj*T< r Me*Z/m(r). Since this holds over every X € 



Thus B j*(RA') is a Z/p n [(G mi s, {l}]^ ar -spectrum and computes also levelwise the 
derived push forward of A' along j. (Note that to compute the levelwise push forward 
we also could have used the levelwise model structure.) 

By ([5]) for every X e Sms we have 



in D(Sh(Xzar,^/p n )) (here X\j - X x s U and jx denotes the inclusion Xjj >-*■ X). 

Thus by Corollary 13.51 the map B' r := t<qB t -*■ B r is a quasi-isomorphism. 

As in Lemma [4.3l the B' r assemble to an .E^-algebra B' , and the natural map B' ->• B 
is an equivalence. 

By the following Lemma we could have used j*A' instead of B and B' . 
Lemma 4.5: The natural map j*A' B is an equivalence. 

Proof. Note first that each A' r is fibrant in Cpx s0 (Sh(Sm(/ i 2 ar , Z/p n )), thus j*A' is the 
derived push forward in Cpx-°(Sh(Sm5 j 2ar ) ^/p n ))- But truncation commutes with 
derived push forward (both are right adjoints), so the claim follows from the fact that 
B' B is an equivalence. □ 

Corollary 4.6: There is a natural isomorphism 



Smjj we are done. 



□ 



B r \x 



Zar — 



R(jxUM^(r))[r] 



(7) 



R r j,L n (r) = e*H°(B' r ) =H°(B' r ) et 



in Sh(Sm Sjf?t ,Z/p Tl ). 




□ 




(8) 



where ix is the inclusion IxjZ'+I. 
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Proposition 4.7: The maps sx assemble to an epimorphism 



s:H°(B' r ) 



In order to prove this Proposition we describe the maps sx in a way Geisser used to 
define his version of syntomic cohomology in [51 §1,6]. 
Let X € Sms. We first give a construction of a map 

bx-.^xY^Mr^xJ^K' 1 

in Sh((X^) e - i , Z/p n ). Over a complete discrete valuation ring of mixed characteristic 
such a map was constructed in [TJ §(6.6)], see also [SJ §6]. 

We fix a point p € Z and let A be the completion of the discrete valuation ring D p . 
Set T ■■- Spec(A). Let r\ be the generic point of T. Let Xt ■= X x s T, and let X v be the 
special fiber and X^ the generic fiber of Xt- 

We let Jxt'-X?, Xt and ix T '-X v -*■ Xt be the canonical inclusions. 

Then the map 

bx T -- M r n ^ T == (ix T T^ r Ux T U^P n (r)) - v r n ~ x 

in [H §(6.6)] is defined as follows (recall Z/p n (r) = /x®„ r ): 

By [TJ Corollary (6.1.1)] the sheaf M r nXT is (etale) locally generated by symbols 
{x\, . . . ,x r }, Xi e {ix T Y Ux T )*O x (for the definition of symbol see [TJ §(1.2)]). 

Then for any fi,. . . , f r e (ix T )* Xt the map bx T sends the symbol {fx, . . . , f r } to 
and the symbol {/i, . . . , / r _i,7r} (ir a uniformizer of A) to dlog/j . . . dlog/ r _ 1 , where 
fi is the reduction of fi to O x ■ 

By multilinearity this characterizes bx T uniquely. 

The base change morphism for the square 

fxu 
X„ > Xy 



.IX 



Xt^^X 

applied to the sheaf Z/p n (r) on (Xu)^ yields 

UxT^ r (jx)^lp n (r) - R r (jx T )*Z/ P n (r) 

(note that (f Xu YZ/p n (r) = Z/p n (r)). Applying (i Xr Y and noting that {ix T )*(fxY 
(ipY where ip is the inclusion i p -X p -> X we get a map 



(* p )*m^)*z/p>)-m: x 



T 
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Composing with b Xr gives a map 

^yW\ 3x )^lp n {r)^vl\ 
Taking the disjoint union over all points in Z we finally get the map 

b x :(i x yW{j x )^l P n {r)^u r n -\ 
the adjoint of which is a map 

b x :R r (j x )*Z/p n (r) ^ (i x )*u r n -\ 
Together with the isomorphism of Corollary 14.61 we get the composition 

s' x :H\B' r )\ Xzar - uU\B r ) H \ Xzar = e*R r (j x )*Z/p n (r) - {i X )*v r n l 
(by our convention v r ^ x also denotes the logarithmic De Rham-Witt complex on (Xz)zar)- 
Proposition 4.8: With the notation as above we have s x = s' x . 
Proof. We keep the local completed situation at a point p of Z from above. 

y X 

We have a natural map induced by flat pullback (fxu)*M n u (r) -*■ A4 n v (r), whence 
we get a base change morphism 

m r ( JX ),M^(r) ^W{ 3Xt ),M^{t). 

We get a diagram 

ttW(jx)*MX°(r) >R r (jx T )*Mn V (r) > H r -\{i XT )*Mn* (r - 1)) 

f x e*W(j x )*Z/p n (r) ► e*W(j XT )*Z/p n (r) > (ix T )*v*-\ 

The left and middle vertical maps are induced by the isomorphism of Corollary 14.61 
and ((7J). The left lower horizontal map is induced by the transformation f x e* -»■ £*f x - 
The upper right horizontal arrow is part of the localization sequence for the motivic 
complexes. The lower right horizontal map is induced by b Xr . 

The claim of the Proposition follows from the commutativity of the outer square. 
Indeed, a map from the left upper corner to the right lower corner is adjoint to a map 

(i p yR r (j x ),M^(r) = (ix T )*tR r (jx)*MXv(r) - u r n ~\ 
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The assertion that the outside compositions are the same implies that the adjoints of sx 
and s' x coincide over the point p. Since this is true for all points in Z the claim follows. 

The left square of the above square commutes by naturality of the cycle class map, 
Lemma 13.71 

So we are left to prove the commutativity of the right hand square. 
Since the right lower corner is an etale sheaf we can also sheafify this square in the 
etale topology to test commutativity. 

The resulting square is adjoint to a square 

(ix T )*e*W(jx T )*Mn n (r) ► e*U r -\Mn*(r - 1)) 

(ix T T^ r (jx T )*Z/p n (r) > v£ x 

(the left vertical map is an isomorphism by Corollary 14. 6p . This commutativity would 
follow from the commutativity of the right hand square in the first diagram in the proof 
of Theorem 1.3]. This commutativity is not explicitely stated in loc. cit., but the 
proof in loc. cit. that k o a o c is shows the commutativity of our diagram: 

As in loc. cit. let R be the strictly henselian local ring of a point in the closed fiber 
Xp of Xt, let L be the field of quotients of R, F the field of quotients of R/tt, V = Ru), 
V h the henselization of V and L h the quotient field of V h . 

We have to show the commutativity of 

H r (R[±],M n (r)) >H r - 1 (R/n,M n (r-l)) 

Hl t (R[±lZ/p n (r)) ><-\RM. 

The map ^^(R/tt) -*■ v"^ l (F) is injective (see the proof of [5j Theorem 1.3], where 
it is attributed to Corollary 1.6]). 

Thus by the naturality of the localization sequence for motivic complexes and the 
fact that the bx T are sheaf maps it is enough to show commutativity of the square which 
one gets from the last square by replacing R[— ] with L and R/tt with F. But this square 
factors as 

H r (L,M n (r)) >H r (L h ,M n (r)) >H r ~\F,Mn{r - 1)) 

HZ t (L,Z/p n (r)) >HZ t (L h ,Z/p n (r)) >^(F). 
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The right upper horizontal map is induced from the localization sequence of the 
motivic complexes for V h , its generic and its closed point. 

The left hand square commutes by naturality of the cycle class map, and the com- 
mutativity of the right hand square is shown in the proof of [5j Theorem 1.3] in the 
paragraph before the last paragraph. This finishes the proof. □ 

We next discuss functoriality of the construction of the morphisms s' x . So let g: Y -* 
X be a morphism in Sing. We still keep the local completed situation from above. We 
let gz, gr, 9r) and g p be the base changes of g (over S) to Z, T, rj and p. 

Consider the diagram 



9v 



'4 



Yj* — - — t Xx 



>Y- r 



St 



>x p . 



A base change morphism gives us 

(g T yR r (j XT UZ/p n (r)) - R r (jY T MZ/p n (r)). 
Applying {iy t T and using (iy T )*(sr)* = (g P T(ix T T gives 

Lemma 4.9: The diagram 



(9p)*M r niXT 



M 



(ffp)*(6x T ) 



ti,Yt 



r-1 



commutes. 



Proof. This follows from the definition of the morphisms bx T and by T in terms of symbols 
and the functoriality of the symbols. □ 



As above for X let fy be the map Yt -> Y. 
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Lemma 4.10: The diagram 

9 y* x W(j x )*Z/p n (r) >g* T R r ( 3 x T )*Z/p n (r) 

f Y W(jy%Z/p n (r) >W(jy T )*Z/p n (r), 

where all maps are induced by base change morphisms, commutes. 
Proof. This follows by the naturality of the base change morphisms. 
Corollary 4.11: The diagram 

{gzT{ix)*W{j x )^lp-{r) (9zY{bx) > (gzYK' 1 



(iy)*W(jy)*Z/p n (r) 



by 



r-l 



where the left vertical map is induced by a base change morphism, commutes. 
Proof. This follows by combining Lemmas 14.91 and 14.101 
Corollary 4.12: The diagram 

9*(b' x ) 



g*W(j x )*Z/p n (r) 



r-l 



(iY)*(gzYK 



r (j Y )*Z/p n (r) 



r-l 



commutes. 



□ 



□ 



Proof. We check that the adjoints with respect to the pair (iy)*, (iy)* of the two 
compositions are the two compositions of Corollary 14.111 For the composition via the 
left lower corner this is immediate. For the other composition one uses a compatibility 
between adjoints and pullbacks. □ 



Corollary 4.13: The maps s' x assemble to a map of sheaves H (B' r ) ->■ i*v r n . 
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Proof. This follows directly from Corollary 14.121 □ 

Proof of Proposition \4-7\ The assertion follows by combining Proposition ^, 81 and Corol- 
lary [03 □ 

Let C r be the kernel of the composition 

B' r ^U\B' r )Xi*u r n l . 

Then by construction of the maps sx we have for any X e Sm^ an isomorphism 

C r \ Xzar =M*(r)[r] (9) 

in D(Sh(X zar,^/p n )) since both objects appear as (shifted) homotopy fibers of the map 

R(jx)*M* u (r) - R(i x )*M**(r ~ !)[-!]■ 

This isomorphism is even uniquely determined since there are no non-trivial maps 
A4*( r )^^-i[-r-l] in D(Sh(X Zar ,Z/p n )). 

Lemma 4.14: Let R be a commutative ring, T € Sh(Sm,s i z ar -, R) and E an E^-algebra 
in symmetric T -spectra in Cp~x.-°(Sh(Sm.s,zar,R))- Let E r be the levels of E. Let for 
any r > an epimorphism T-L°(E r ) -» e r in Sh(Sms j ^ ar , i?)[S r ] be given. Let E' r be 
the kernel of the induced map E r -* e r and set E' := Eq. Suppose the canoncial map 
(p:T -*■ E\ (which is the composition T = R®T ^> Eq <S> T -*■ E\ (u abbreviates unit,),) 
factors through E[ and that for any r, r' > the composition in Sh(Sms t zar, R) induced 
by the Eoo -multiplication on E 

U°(E' r ) ® U Q {E' r ,) -» H°(E r ) ® H°(E r ,) -» H°(E r+r ,) -* e r+r , 

(the tensor products are over R) is the zero map. Then there is an induced structure 
of an E x -algebra E' in symmetric T -spectra on the collection of the E' r together with a 
map of E x - algebras E' -> E which is levelwise the canonical map E' r -> E r . 

Proof. The condition implies that we have natural maps 

<p r y.U°(E' r ) ® H°(E' r ,) -* H°(E' r+r ,). 

Let O be our i?oo-operad in Cpx s0 ( Sh ( Smg, Zar > R))- Note that each E' r carries an action 
of E r . The structure maps of the -Eoo-algebra in T-spectra E are maps 

s:E r <g> T ->■ E r+ i 
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and 

a:0(k) 9E ri 9---9 E Tk -> E r , 

r = Y,i=i r i- These are subject to certain conditions. We show that when restricting 
these maps to the E' r they factor through E' r (for the appropriate r). Then it is clear 
that these new structure maps also satisfy the conditions required. 
To show that the composition 

0{k) 9 E' ri <g> ••• <g> E r n ->• 0{k) 9 E rx 9-9 E Tk -» E r 

factors through E' r it is suffcient to show that the induced map on T-L° factors through 
W°(E' r ). But since is E x the map on 7i° is a map 

U°(E' ri ) 9 ■■■ 9 H°(E' rk ) -> H°(E r ) 

and the conditions to be E x imply that this map is an iteration of the maps <j) r i r «. 
Thus we get the factorization. 

To handle the case of the T-spectrum structure maps it is again sufficient to show 
that the composition 

4>--U°(E' r ) 9 T -» H°(E r ) 9 T -» H°(E r+1 ) 
factors through % (E' r+l ). But the commutativity of the diagram 



0(2) ®E r ®T 




(the only horizontal arrow is a structure map of the operad using R = 0(0)) implies 
that tp is the composition 

H°(E' r )9T^ n (E' r )®n (E[) -* H°(E r+1 ) 

which factors through 7i°(E' r+1 ) by assumption. This finishes the proof. □ 
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We want to apply Lemma [4. 141 with T = Z/p n [G mj s, {l}]zan E - B' and e r = i*v r n ■ 
Then we have E' r - C r . 

Lemma 4.15: The T, r -action on H°(B' r ) is the sign representation. 

Proof. This follows from the fact that there is a zig zag of quasi-isomorphisms between 
T 0r and (L„(l)[l]) l8 ' r , and on the latter the £ r -action is strictly the sign representation. 

□ 

So if we equip v T n x with the sign representation of E r the map H°(B' r ) -»■ i*u^~ is 
E r -equi variant . 

The exact sequence 

-»■ L n (l) -»■ G m ,U ~* &m,U ~* 
on Sm^ e - f induces a boundary homomorphism 

^■.j*G m: u^M 1 j^L n (l) 

of sheaves on Smj^-j. We denote the precomposition of j3 with the canonical map 
G m ,s ~* j*G mjU by (3'. 

Lemma 4.16: The composition 

G m , s - Z/p n [G m , s , {l}] Zar *B[^ H°(B[) - U\B[) 6t = R^L^l) 

equals (3' . 

Proof. This follows from the defining property of the map t. □ 
Corollary 4.17: The composition 

G m , s - Z/p n [G m>s , {l}]zar - B[ - - u^- 1 

«s i/ie constant map to zero. 

Proof. This follows from Lemma 14.161 the definition of the map bx T and the definition 
of symbol: The symbol {x} for x an invertible section over a smooth scheme over S is 
sent to via bx T • □ 
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Thus the first condition of Lemma 14,141 about the factorization of the map <p is 
satisfied. 

For the second condition we get back to our local completed situation. Let X e Sing, 
p e Z and let the notation be as above. By [10^ §3, top of p. 277] there is an exact 
sequence 

o^X-K-^-o (io) 

on {Xp)if, where U°M^ is the subsheaf of M T n generated etale locally by symbols 
{x\, . . . x r } with Xi e (ix T Y 0* Xt . This follows from the exact sequence 

([B Theorem (1.4)(i)]), where V x M T n is generated etale locally by symbols {x±, . . . ,x r } 
with Xi~ 1 e 7T- (ix T )*Ox T - Indeed, given an element in the kernel of -*■ v^ 1 we can 
first change it by symbols {x±, . . . ,x r } with X{ e (ix t )*0 Xt to lie also in the kernel of 
the map -> u r n , and then it lies in U l M^ which is also generated by symbols (of the 
indicated type). 

Lemma 4.18: Let r,r' > 0. The composition 

n°(c r ) 9 H°(Cr>) - H°(B' r ) 9 n°(B' r ,) - n°(B' r+r ,), 

where the second map is induced by the Em-structure on B' , factors through TL°(C r+r '). 

Proof. Let y be a local section lying in kernel of H°(B' r ) -»■ , similarly for y' . We 
may view y and y' as local sections of and . They are mapped to by the maps 
to z^ _1 and v r n ~ x , thus by the exact sequence (fTU|) the sections y and y' can be written 
locally as linear combinations of symbols of the form {x±, . . . x r } and {x[, . . . , x' r ,} with 
Xi,x' { e (ix T )*Ox T - But the product of such symbols is just the concatenated symbol 
{x\, . . . , x r , x[, . . . , x' r ,} which thus also lies in the kernel of the map M^ +r -»■ v r ^ r _1 . 
This is true over all points p of Z, so we see that y 9 y' is sent to in i,i/" r _1 . □ 

Corollary 4.19: The collection of the C r forms an Eoo-algebra C in 7 J /p n [G rrlt s, {^}]zar- 
spectra which comes with a map of E^- algebras C -*■ B' wich is levelwise the canonical 
map C r -*■ B' r . 

Proof. This follows with Corollary 14.171 and Lemma 14.181 from Lemma 14.141 □ 

Thus with ([9]) we have arranged the motivic complexes .Mjf (r)[r], r > 0, into an 
£oo-algebra in Z/p n [G m ,s, {l}]zar-spectra on Sms,z a r- 
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Proposition 4.20: The algebra C is an 0,-spectrum. 



Proof. Set m ■= p n . Let X e Sm£. Let v- {0} -*■ A x be the closed, j'-Q m ,X ~^ &x ^ e 
open inclusion and q-A x -*■ X the projection. 

Since Z/m[G mj s]zar = Z/m © Z/m[G mj s, {l}]z a r we have a decomposition 

RHom (G m ,<f, C r ) = C r eTZ. 

By Theorem 13.11 we have an exact triangle 

UM n (r - l)[-2] - M^(r) - Mj*.M n (r) - i*M n (r - 1)[-1]. 

The composition 

CrM|x Zar =%*M?(r) - Rg»Rj»M n (r) 

= |Hom(G m , s ,C r [-r])|x fc = C r [-r]\ Xzar ®K[-r]\ Xzar - C r [-r]| Xzar 

is the identity. Thus when we apply Mq* to the above triangle we obtain a split triangle. 
Let 4>:M.^ (r - 1)[-1] -»■ ^[~ r ]\x Za r the resulting isomorphism. 
We are finished when we prove that the diagram 



C 



r-l\X Za 



-> RHom (Z/m[G m , g , 1 1)1 Zar , C r )\ Xza 



M*(r-l)[r-l] 



n\ 



A; 



where the upper horizontal map is the derived adjoint of the structure map of the 
spectrum C, commutes. To see this it is sufficient to show that the post composition 
of the two compositions with the map TZ\x Zar -*■ ^3*TV\xz ar i where TV is defined to be 
the second summand in the decomposition RHom (G m) t/, A r r ) = A' r ®1Z', coincide, since 
there are no non-trivial maps from C r ^\\x Zar to (ix)*^ 2 [ - l]- 

But we have a transformation of diagrams from the above diagram to the diagram 



B 'r-1 



x ? 



fflom(Z/m [G m , s , { 1 }] zar , B' r ) \ Xza 



(11) 



Ux)*MZ v (r-l)[r-l] 



Xy 



which commutes by the arguments in the proof of Proposition U31 So the two prolongued 
compositions in question are the two compositions in diagram (jlip precomposed with 
the map C r -\\x Zar -*■ B' r _i\x Zar , thus they coincide. This finishes the proof. □ 
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4.1.2 The p-completed parts 

In this section we want to arrange (variants of) the C for varying n into a compatible 
family, such that we can then take the (homotopy) limit of this system. 

To start with write Z/p* for the inverse system comprised by the commutative rings 
Z/p n with the obvious transition maps and Modg/ p . for the category of modules over 
this system, i.e. the category whose objects are systems of abelian groups 

••• M n ->■ ■■■ M 2 Mi 

where each M n is annihilated by p n . 

For a site S write Sh(<S,Z/p*) for Sh(5, Mod z/p .)- 

The system of the L n {r) comprise a natural object L,(r) of Sh(Smj/ ie -f, Z/p*). 

Let QL,(1) -*■ L,(l) be a cofibrant replacement in Cpx(Sh(Sm;y je 'f , Z/p*)) (the latter 
category is equipped with the inverse local projective model structure) and let QL,(1) -* 
RQL,(1) be a fibrant replacement via a cofibration. Thus T := RQL, (1)[1] is both 
fibrant and cofibrant. 

We claim that the maps i from section 14.1.11 can be arranged to a map 

i:Z/p'[G m:U ,{l}]st -> T. 

Indeed, suppose we have already defined t up to level n in such a way that on each level 
k < n the map represents the canonical element 1 e HlJG m> u,Lk(l)). We claim that 
we can extend the system of maps to level n + 1: Choose a representative 

L':-Llp n+1 [G m>u ,{l}} 6t ^T n+1 . 

Then the composition with the fibration 7^+i -*■ T n is homotopic to the map in level n. 
This homotopy can be lifted giving as second endpoint the required lift. 

As in section 14.1.11 the map of symmetric sequences Sym(i) gives rise to an Eoo- 
algebra Sym(T) in U-7,/p'[G m! u, {1}] ^-spectra, and we let Sym(T) i?Sym(T) be a 
fibrant resolution. 

Set A e*(.RSym(T)) and A' ■- t<o(A). As in section [4.1.11 A' is again an E^- 
algebra. We set B ■- j*A' . By Lemma 14.51 the algebra B computes levelwise in the 
n-direction the algebra which was denoted B' in section 14.1.11 

Thus we have for every n and r the epimorphism 

of Proposition 14.71 
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Lemma 4.21: We have a commutative diagram 



H°(B r>n+1 )- 



r,n+l . r — 1 



Proof. We only have to verify that a corresponding diagram involving the maps s' x 
commutes. This follows by the explicit definition of the maps bx T - 



□ 



We thus get an epimorphism 



,r-l 



We denote by C r the kernel of this epimorphism. 

As in section 14.1.11 we can apply a variant of Lemma 14.141 (or the Lemma levelwise 
in the ra-direction and using functoriality) to see that the collection of the C r gives rise 
to an Eoo -algebra C together with a map of -algebras C ->• B which is levelwise (for 
the r-direction) the canonical map C r -> B r . 

Let X e Sm^. We want to see that the canonical isomorphisms ([9]) 

C r , n \ Xzar =M*(r)[r] 

are compatible with the reductions Z/p n+1 -»■ Z/p n . 
First by Lemma 13.81 the diagram 

M% x {r)[r]^A^ n+1 \ {Xu)zar 



■K,n\(Xu)2 



M*v(r)[r}- 
commutes. 

This shows that if we compose the two compositions in the square 

C r ,n + i\x Zar -^M* +1 (r)[r] 



(12) 



with the map M* (r)[r] R(j x )*Mn U (r)[r] the resulting two maps coincide. But 
Hom D(Sh(XzariZ/p „ + i )) (C r . n+ i|x Zar ,t'r 1 [-l]) =0, hence CGD commutes. 

Let C -> C be a fibrant replacement as .Eoo-algebras. Then D p := lim n C, n is an 
-Eoo-algebra in Z p [G mi s, {l}]zar-spectra in Cpx(Sh(Sm5^ ar , Z p )). 
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Corollary 4.22: For X e Sm^ there is an isomorphism 



D p , r \x Zar = {M x {r)r\r] 



in D(Sh(X Zar ,Z p )), where {M x (r)) Ap is the p- completion ofM x (r). 

Proof. This follows from the commutativity of (|12p . since the p-completion of .M^(r) 
is the homotopy limit over 

Next we will equip D p with an orientation. 

Denote by 0*j v the sheaf (in any of the considered topologies) of abelian groups 
represented by G m ,u over Sm;y, let OJ s be defined similarly. For M a sheaf of abelian 
groups we set M/p n := M ® L Z/p n . 

Using the resolution of Ojy by the sheaf of meromorphic functions and the sheaf of 
codimension 1 cycles one sees that Wj^OJjj = for i > 0. Thus we have an exact triangle 



O 



is 



rC ' jjj i* 



from which we derive an exact triangle 

oj s / P n - Rj,oj v /p n - uz/ P n - o; 5 / P n [i]. 

We have a map of exact triangles 



(13) 



O 



/u 



/u 



-+Re*L n (l)[l] >Re^OJ v [l] 



The third vertical map factors uniquely through a map OJjj/p n -*■ r<o(Me*-L n (l)[l]). 
Since M 1 e ]t Oy ;7 = we see by the long exact cohomology sheaf sequences associated to 
these triangles that this map is an isomorphism. Note we have A' ln = r<o(Me < .L n (l)[l]) 
in the derived category, and thus Bi >n S Rj*T<o(]Re*L n (l)[l]) = Rj+Ojjj/p 71 . 
We note that the diagram 



,r< (Me,L n (l)[l]) > H°(B hn ) ^ i*Z/p n 
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commutes (this follows from the definition of the maps s rtU , Proposition 14.81 and the 
definition of the maps s' x ). Thus together with the triangle (|13p we derive an isomor- 
phism Ci !n = OJ s /p n in D(Sh(Sm5 ) 2 ar .,Z/p Tl )). This isomorphism is moreover unique 
since there are no non-trivial homomorphisms from OJ s /p n to i*Z/p n [-l]. 

We see that there is an isomorphism D P) i = (OJ s ) Ap in D(Sh(Sms j zar- 5 Z p )). We 
denote any such isomorphism which is compatible with the projections to Cx, n and 
OJ s /p n by <p. 

Since D p is an O-spectrum which satisfies Nisnevich descent and is A 1 -local the maps 
E -2,-i E oopoo ^ Dp in sh(5) correspond to maps 

Z[P°°] Zar [-l] - D P| i 

in D(Sh(Sm 5 ^ ar ,Z)). We let o-.S _2 - 1 E~P 00 -» L> p correspond to Z[P°°] 2ar -» -»> 
(0/ 5 ) Ap [l] -A AaHL where the first 

map classifies the tautological line bundle 

O(-l) on P°°. 

The definition of the bonding maps in D p implies that the map Z[G m s, {l}]zar ~* 
Dpi corresponding to the unit map £~ 1 '~ 1 £° (G rri) s', {1}) = l-> D p is the map 

z[G m , 5 , WW - oj s - (o; 5 ) Ap ^1 

Note that this composition is independent of the particular choice of ip since we have 
Hom D(Sh(Sms ZoriZ)) (Z[G m , 5 , {l}] Zar , (Oj s ) Ap ) = Z p 
= limHom D(Sh(Sms Zar>z)) (Z[G mi 5, {l}] Zar ,Oj s /p n ). 
Let ^:(P\{oo}) -» 

Gm,s ^ be the canonical isomorphism in 7^,(5) and let 
c:H,(S) -*■ D A (Sh(Sm5 i ATis, Z)) be the canonical map. Then the composition 

ZfP 1 , {oo}] s c((P\ {oo})) ^ c (G m , 5 a 5 1 ) = Z[G m , s , {1}][1] - 0; s [l] 

in D Al (Sh(Sm5 )j /v« s ,Z)) classifies the tautological line bundle on P 1 . We see from these 
considerations that o is indeed an orientation. 

Proposition 4.23: The spectrum in SH(S') associated with D p is orientable. 
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4.2 The completed part 

Set D := Yl p Dp, where the D p are the algebras from the last section viewed as E x - 
algebras in spectra in Cpx^b^Sms^a^Z)) and the product is taken over all primes. 
Then for X e Sms we have 

D r \ Xzar = {Y\{M X {T)D[r] 

p 

in D(Sh(X Zar ,Z)). 

Corollary 4.24: The spectrum in SH(S') associated with D is orientable. 

Proof. This follows from Proposition 14,231 □ 

4.3 The rational parts 

We denote by Dq the rationalization of D as an E^-spectrum. 

We denote by H# the Beilinson spectrum over S, see [21 Definition 13.1.2]. It has a 
natural E^-structure ([21 Corollary 13.2.6]) and is orientable ([2J 13.1.5]). 

Theorem 4.25: H# is the initial E^-spectrum among rational orientable E x -spectra. 

Proof. This is [2J Corollary 13.2.15 (Rv)]. □ 

Corollary 4.26: There is a canonical map of E^ -spectra Hb -> Dq. 

Proof. This follows from Corollary 14.241 and Theorem 14.251 □ 

4.4 The definition 

Definition 4.27: We denote by MZ the homotopy pullback in E x -spectra of the diagram 

D 

Hb > Dq. 
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5 Motivic Complexes II 



5.1 A strictification 

In this section we enlarge the motivic complexes from section [3] to presheaves on all of 
Smg. We need some preparations. 

For each n e N we define a category £ n together with a functor <p n :£ n [n], where 
[n] is the category 1 n. The objects of £ n are triples (A, B,i) where i e [n] 

and A c B c {i, . . . , n} with i € A. There is exactly one morphism from (A,B,i) to 
(A', B',j) if i < j, B n {j, ...,n}cB' and A' c A, otherwise there is no such morphism. 
The functor cp n is determined by the fact that (A,B,i) is mapped to i. We declare a 
map / in £ n to be a weak equivalence if y> n (f) is an identity. 

A category with weak equivalences is a category C together with a subcategory W 
of C such that every isomorphism in C lies in W. A homotopical category is a category 
with weak equivalences satisfying the two out of six property, see [H 8.2]. 

For a category C with weak equivalences VV we denote by L^C its hammock local- 
ization, see [3]. If it is clear which weak equivalences are meant we also write L H C. 

A morphism in [n] is defined to be a weak equivalence if it is an identity. So both 
£ n and [n] are homotopical categories. Since [n] is the homotopy category of L H \[n]) 
there is a natural simplicial functor L H ([n]) -> [n] which is an equivalence of simplicial 
categories. Composing with the natural functor L H £ n -> L H ([n]) gives us the simplicial 
functor L H £ n ->■ [n]. 

Proposition 5.1: The natural functor L H £ n -*■ [n] is an equivalence of simplicial cat- 
egories. 

Before giving the proof we need some preparations. 

For us a direct category is a category with a chosen degree function, see [HI Definition 
5.1.1]. 

Lemma 5.2: Let I be a direct category and J c I a full subcategory such that no arrow 
in I has a domain which is not in J and a codomain which is in J. Let C be a model 
category and D.I -»■ C a cofibrant diagram for the projective model structure. Then D\j 
is cofibrant in C J . 

Proof. The right adjoint r to the restriction functor C 1 -*■ C J is a right Quillen functor 
since for i e I \ J we have r(D){i) = *. □ 
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Lemma 5.3: Let I be a direct category and J c I a full subcategory such that no arrow 
in I has a domain which is not in J and a codomain which is in J. Let C be a model 
category and D:I -*■ C a cofibrant diagram for the projective model structure. Then the 
canonical map colim(D|j) -> colimD is a cofibration. 

Proof. The object colimD is obtained from colim(Z)|j) by succesively gluing in the 
D{i) for i € I \ J for increasing degree of i. The domains of the attaching maps are 
corresponding latching spaces. □ 

For i e [n] let £ n ^ :- (p~ l (i) and £ n ,<i be the full subcategory of £ n of objects (^4, B, j) 
with j < i. It is easily seen that £ n ^<% can be given the structure of a direct category. 
For j < i < n let £ n ,[j,i] : = ^{{j, ■ ■ ■ ,«})■ 

Lemma 5.4: Let C be a model category and D:£ n ^i -»■ C be a projectively cofibrant 
diagram. Then for k < j <i the restriction D\s n „ , is also cofibrant. 

Proof. Let F:S n . [k,j] ~* £n,<i be the inclusion. We claim that the right adjoint to the 
restriction functor C £n,si -> C n «[*«j] is a right Quillen functor. This follows from the 
fact that for I < k and an object (A,B,l) e £ nj <; with A n [k,j] t the category 
(A, B, l)/F has the initial object (^4, B, i) -> (An {m, . . . , n}, B n {m, . . . , n}, m}, where 
m = min(A n [k, j]). □ 

Lemma 5.5: Let C be a model category and D:£ n ^ -> C be a projectively cofibrant 
diagram such that for any weak equivalence f in £ rh <i the map D(f) is also a weak 
equivalence. Then for any X e the map D(X) ->■ colimZ? is a weak equivalence. 

Proof. We show by descending induction on j, starting with j = i, that for any X e c/?" 1 (i) 
the map D{X) -> colimDl^ is a weak equivalence. For j = i this follows from the fact 
£ n i has a final object. Let the statement be true for < j + 1 < i and let us show it for j. 
Let J c £ n j be the full subcategory on objects (A, B,j) such that in{j + l,...,i}#0. 
Then we have a pushout diagram 



colimD|j > colimD|£ 



colimD 



-n,[j+l,i] 



■ colinxD| £n , 



First note that by Lemmas 15.41 and 15.21 all objects in this diagram are cofibrant. Fur- 
thermore the upper horizontal map is a cofibration by Lemma [5. 31 The full subcategory 
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of J consisting of objects (A,B,j) with B = {j, ...,n} is homotopy right cofinal in J 
and contractible (it has an initial object), thus J is contractible. Since the diagram D\j 
is weakly equivalent to a constant diagram it follows that D(X) -+ colimD|j is a weak 
equivalence for any X € J, thus the upper horizontal map in the above diagram is also 
a weak equivalence and the induction step follows. □ 

Lemma 5.6: Let C be a model category and I the left adjoint to the pull back functor 
r:C^ C £n . Let D:£ n -> C be (projectively) cofibrant such that for any weak equivalence 
f in £ n the map D(f) is a weak equivalence. Then D -> r(l(D)) is a weak equivalence. 

Proof. We have l{D)(i) = co\\mD\s n <i . Thus the claim follows from Lemma 15.51 □ 

Lemma 5.7: Let F:I -*■ J be an essentially surjective functor between small categories 
and VV c L a subcategory making L into a category with weak equivalences. Suppose F 
sends any map in W to an isomorphism. Then the natural map Ly^L -*■ J is a weak 
equivalence between simplicial categories if and only if for any projectively cofibrant 
diagram D: I -> sSet such that for any map f in W the map D(f) is a weak equivalence 
the map D -*■ r(l(D)) is a weak equivalence where I is the left adjoint to the pull back 
functor r:sSet J -»■ sSet 1 . 

Proof. Let C be the left Bousfield localization of the model category sSet^ (equipped 
with the projective model structure) along the maps Hom(/, _) where / runs through 
the maps of W. Then (L^L) op is weakly equivalent to the full simplicial subcategory 
of sSet 1 consisting of cofibrant fibrant objects which become isomorphic in Ho(sSet / ) 
to objects in the image of the composed functor / op -»■ Ho(sSet / ) -»■ HoC Ho(sSet / ). 
Similarly (but easier) J op is weakly equivalent to a full simplicial subcategory of sSet"'. 
The functor (Ly^L) op ->■ J op is described via these equivalences by the restriction of 
the push forward sSet^ -> sSet^ followed by a fibrant replacement functor. The claim 
follows. □ 

Proof of Proposition \5.1\ The claim follows from Lemmas 15.61 and 15.71 □ 

Let /: [n] -> [m] be a map in A. We define a functor /*:£ n ->■ £ m by setting 
f*((A, B, i)) - (f(A),f(B),f(i)). One checks that this determines uniquely /*. Thus 
we get a cosimplicial object £: [n] ^ £ n in the category of small categories with weak 
equivalences. Applying the hammock localization yields a cosimplicical simplicial cat- 
egory L H £: [n] i-* L H £ n toghether with a map from L H £ to the standard cosimplicial 
simplicial category [•] which is levelwise a Dwyer-Kan equivalence. 
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Let <S be the category of triples (A, n, (oi, . . . , a n )) where A is a D-algebra such 
that Spec(A) e Sms and ai,...,o n e A generate A as a D-algebra. Morphisms are 
morphisms of -D-algebras with no compatibility of the generators required. Clearly the 
functor <S op -*■ Smg, A >-> Spec(A), is an equivalence onto the full subcategory of Sing of 
affine schemes. 

For X e Sms and F = {/i,---/ n } a set of closed immersions ffZi >-*■ X in Sing 
we denote by z r F {X) the normalized chain complex associated to the simplicial abelian 
group [n] i->- Zp(X,n) which is the subsimplicial abelian group of z r (X, •) of cycles in 
good position with respect to the Zj. We also write z F (A) for z F (Spec(A)). We have 
the following moving Lemma due to Marc Levine. 

Theorem 5.8: If X € Smg is affine then the inclusion of z F (X) into the normalized 
chain complex associated to z r (X,») is a quasi isomorphism. 

Proof. This is p31 Theorem 4.9]. □ 
Let 

(Ao,ko, (ao,i, . . • ,ao,ifco)) ~* y (Ai, k n , (a n ,i, . . . ,a n ,fcj) 

be a chain of maps in S, i.e. a n-simplex, which we denote by K, in the nerve of 
S. Let i e [n] and B c {?,..., n} with i e B. Set C^b : = ®jeB\{i} Api • • • >^fcj = 
<8>j6S\{i} APi,i • • • >^j',fyL where the tensor products are over A{. If i < j < n, B' c 
{j, . . . with j e B' and Bn{j,...,n} c 5' we define a map gi,B,j,B r -Ci t B -* Cj t B' 
over the map Ai -> Aj by sending a variable Tj m for I > j to the respective variable 
7] m and to the image of the element a\ m in for I < j. If furthermore j < k < n and 
B" c {&,..., n} with e B" and B' n {A;, . . . , n} c B" then we have 

9j,B',k,B" 9i,B,j,B' = 9i,B,k,B"- (14) 

For t = (A, B, i) e £ n we let F t be the set of closed subschemes of Spec(Cj i B) consisting 
of the Spec(5fj B ji Bn{j,...,n}) f° r 3 e A s {«}. For such £ set Cj := C^b- Clearly for j e .A 
we have a pull back functor z T Ft (Ct) -> z r (Cj,Bn{j, ...,n}) which for B' c {j, . • • > re } with 
Bn{j,...,n}cB' we can prolong via smooth pull back to a map to z r (Cj t B')- 

Lemma 5.9: Let t -> s 6e a map in £ n . TTien £/ie akwe map z r Ft (Ct) -> 2: r (C s ) factors 
through z Fa (C s ). 

Proof. Let t = (4,B,i) and s = (A',B', j). Set s' := (A n {j, . . . ,n},B n {j, . . .,n},j). 
Without loss of generality we can assume A' = An {j, . . . , n}. Clearly the map z r F (Ct) -*■ 
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z r (C s i) factors through Zp (C s /). If A' = {j} we are done, otherwise fix k e A' \ {j}. 
Set B" := (5 n {j,...,n}) u (B' n {j, . . . , jfe}) and s" := (A',B"J). Then we have 
a well defined map (CV) -»■ i(CV') since cycles meet in the cor- 

f F 3 ,\ SJ {gj,B",k,B"n{k,...,n)} y s ' J 

rect codimension. Furthermore we have a well defined map z r r i(C s ») -> 

\9j,B",k,B"n{k,...,n}i 

z r , \(C S ) for the same reason. Altogether we see that cycles meet as 

claimed. □ 



For /: t -> s a map in £" n we let 2^ (Cj) — *■ ^^ 3 (Cs) he the map constructed 

above using Lemma 15.91 



Lemma 5.10: For f:t->s and g-s -> r two maps in £ n we have ax{g ° /) = Oix(g) ° 
ockU)- 

Proof. Let t = (A,B,i), s = (A',B',j) and r = Then the map a K (f) is 

defined by pulling back cycles via the map Spec(gi t B,j,B') and the map ax{g) by pull 
back via Spec(gj t B',k,B")- Thus the claim follows from (|14|) . □ 

Setting ax(t) ■■- z r Ft (C t ) for t an object of £ n and using Lemma fS-lOl we get a functor 
OLK^n -> Cpx(Ab). 

By restricting everything to opens U in Szar we get a functor 

a K :E n ->■ Cpx(Sh(5'^ ar ,Z)). 

Lemma 5.11: The functor olk sends weak equivalences in £ n to quasi isomorphisms. 

Proof. This follows from Theorem 15.81 Theorem 13.141 and the fact that for X e Sni5 the 
push forward of (Xzar 9 Y >-+ z r (Y)) via the structure morphism X -*■ S computes the 
derived push forward, which follows from |12[ Theorem 1.7]. □ 

Lemma 5.12: Let f: [m] -»■ [n] be a monomorphism in A and K a n-simplex in the 
nerve of S. Then the composition £ m —> £ n — ^ Cpx(Sh(Sz ar , Z)) is equal to &f*x- 

Proof. We use a superscript K or f* K to distinguish between the objects which are 

f*K w f*K i*c 

defined above for K respectively f*K. We have C t = Cj> 4 and i 7 / = F£ t for t an 
object of £ m . Thus the claim follows on objects. The definitions of the two functors on 
morphisms also coincide, thus the claim follows. □ 

For a category / we let I be the subcategory of / x N (where N is a category in 
the usual way) which has all objects and where a map (A,n) -»■ (B,m) belongs to I 
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if and only if the map A B is the identity or if m > n. Note that a composition of 
non-identity maps is again a non-identity map in I. 

We let a map (A,n) -> (B,m) in I be a weak equivalence if and only if the map 
A B is the identity. We have a canonical projection functor p:I -*■ I. 

Proposition 5.13: For any category I the canonical functor L I -*■ I is a weak equiv- 
alence of simplicial categories. 

Proof. We use Lemma [5771 Let C be a model category and let C 1 be equipped with the 
projective model structure (which exists since I has the structure of a direct category). 
Let D.I -> C be a cofibrant diagram which preserves weak equivalences. For i e / the 
diagram D\ p u is also cofibrant by [181 Lemma 4.2] (it is not used here that C 1 also should 

have a model structure). The full subcategory J comprised by the ((i, n),p((i, re)) i) 
in p/i is homotopy right cofinal, thus colim(-D| p /j) - hocolim(D|j) from which it follows 
that D ->■ r(l(D)), where I is the left adjoint to r-.C 1 ->■ C , is a weak equivalence. □ 

Let M be the nerve of S and it the nerve of the map p from above. For any K e A/" n we 
let fx- [n] ->■ [re'] be the unique epimorphism in A such that K = f^(K') with K' e jV n / 
non-degenerate, if' is then also uniquely determined. We let (3k be the composition 

Ik * ^tt(k') 
E n '-f£ n ' > Cpx(Sh(S'2ar,^))- 

The reason for introducing S is the following observation. 

Lemma 5.14: Let h:\m\ -»■ [n] 6e a map in A and if e J\f n . Then the composition 
£ m E n Cpx(Sh(5^ ar ,Z)) is egtiaZ to 

Proof. Since every composition of non-identity maps in 5 is a non-identity map we have 
a commutative diagram 

[m] — - — > [n] 



h*K 



fx 



[m'] ► [re'] 

where the bottom horizontal map is a monomorphism. Thus the claim follows from 
Lemma 15.121 and the definition of the maps (3k and (3h*K- D 

Let T: Cpx(Sh(5^ ar , Z)) Cpx(Ab) be a fibrant replacement functor followed by 
the global sections functor. We denote by qi the subcategory of quasi isomorphisms of 
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Cpx(Ab). By Lemma 15,111 we get for any K e7V n induced functors L (T o (3k) : L £ n -> 
L^Cpx(Ab) which are compatible with maps in A by Lemma 15.141 

Let q.:Q. -» L H £ be a map between cosimplicial objects in sCat. For K e jV n let 
7# := L (r o /3^-) o g n . Then the 7x are again compatible with maps in A. By a coend 
construction we can pair a simplicial set L and any cosimplicial object P, in sCat to 
obtain an object of sCat which we denote by T>p . In the case L = M we just write "Dp,. 
If L is the nerve of a category C we let Vp^ := Pj^. We have £>r.n = <S, thus we have a 
natural map 2?q. ->■ <S. 

Lemma 5.15: If Q, is Reedy cofibrant and the map Q, -> [•] is a weaft equivalence 
then the natural map ~Dq. S is a weak equivalence of simplicial categories. 

Proof. One deduces the result from the analogues statement for the usual adjunction 
between simplicial sets and simplicial categories involving the simplicial nerve functor, 
[151 Theorem 2.2.0.1]. □ 

From now on suppose that Q, is Reedy cofibrant and that the map Q, [•] is a 
weak equivalence (which can always be achieved by a cofibrant replacement of L H £ in 
sCat A ). The compatible maps jk give rise to an induced map T-T > Q m -*■ L^Cpx(Ab). 

Lemma 5.16: The map 7 gives rise to a diagram 7' e Ho(Cpx(Ab) 5 ) which is well- 
defined up to canonical isomorphism. 

Proof. This follows from a strictification result, see \15\ Proposition 4.2.4.4]. □ 

We define the motivic complex A4(r) to be the push forward of 7'[-2r] with respect 
to the composition Ho(Cpx(Ab)^) Ho(Cpx(Ab) 5 ) D(Sh(Sm SiZar , Z)), where the 
first map is induced by p:S -*■ S and the second map is the Zariski localization map. 

5.2 Properties of the motivic complexes 

Let C,S' be categories and / a small category. Let £' be a cosimplicial object in sCat 
over [•]. Let for any n-simplex K of the nerve of S' be a functor a.K'-£' n x I ~* C be 
given. Suppose these functors are compatible for monomorphisms in A, i.e. that for 
/: [m] -> [n] a monomorphism we have ax (/* x id) = ctf*K- Then for K a n-simplex of 
the nerve of S' x I we let T(a) f> be the composition £' n -*■ £' n x / —5- C, where the second 
component of the first map is the composition £' n -*■ [n] I (the second map being the 
second component of K) and where K is the first component of K. The T(a) j> are then 
again compatible for monomorphisms in A. 
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Let p-S" -*■ S' x / be a functor and suppose that the composition in S" of two 
non-identity maps is a non-identity map. Let K be a n-simplex of the nerve of S" . 
Let /: [n] -> [n 7 ] be the unique epimorphism in A such that X = f*(K') for a non- 

/* a 

degenerate n'-simplex K' . Let T p {o)k be the composition — >■ £' n , — ► C, where K 
is the image of K' in the nerve of S' x I. Then the T p (a)x are compatible for all maps 
in A. 

In our applications S" will be S' x /. 
5.2.1 Comparison to flat maps 

Let the notation be as in the last section. We denote by S the subcategory of S 
consisting of flat maps. 

Let K be a n-simplex in the nerve of <S fl . In particular we have a chain Aq -»•••• -»■ 
j4„ of smooth D-algebras where each map is flat. We associate to this the functor 
a K : [ n l Cpx(Sh(5^ ar ,Z)) which sends i to (U ^ z r (Spec(Aj) xg {/)) and where 
the maps are induced by flat pullback of cycles. We denote by a' K the composition 

£n ^> [n] — * Cpx(Sh(S 2 ar,Z)). 

Recall the maps a^. We have a natural transformation a^- -»■ which is induced 
by the maps -»■ Cj for i = (^4,i?,i) e £ n . We note that the cycle conditions given by 
the Ft are fulfilled since for a map t -> s in £ n with s = (^4', B' ,j) the diagram 

C* >C S 



commutes. 

We denote by ax-£n x [1] Cpx(Sh(5z ar ,Z)) the functor corresponding to this 
natural transformation. 

Thus as in the beginning of section [5^21 we get a compatible family of maps T p (a)K, 
where p is the functor «S fl x [1] -+ <S fl x [1]. 

For K a n-simplex in the nerve of <S fl x [1] let jk := L H (T o T p {q)k) Qn- 

The 'jx ghie to give a map 

T^ x[1] -L£Cpx(Ab). 



We denote by f e Ho(Cpx(Ab) 5 X W) the dia gram canonically associated to 7. 
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Lemma 5.17: 7'lgfl and 7'\^a x ^ij are canonically isomorphic. 

Proof. This follows by construction of 7' and 7'. □ 

Lemma 5.18: 7'\ga x r \ ^ s canonically isomorphic to the diagram on<S fl which associates 
to an (A,n, (ai, . . . ,a n ),m) the cycle complex z r (A). 

Proof. This follows by construction of 7'. □ 

Let Smf be the subcategory of Sm^ of flat maps. 

Corollary 5.19: The complex M(r)\ Sm R is canonically isomorphic to the diagram X >-> 
z r (X)[-2r] in D(Sh(Sm| jZar ,Z)). 

Proof. This follows from Lemmas l5.17l and l5.181 the fact that the map in Ho(Cpx(Ab) 5 ) 
associated to 7' is an isomorphism, the fact (which follows from these Lemmas) that the 
push forward of 7' with respect to Ho(Cpx(Ab) 5 ) -> Ho(Cpx(Ab) 5 ) has Zariski descent 
and from Proposition 15.131 (or better its proof). □ 

Corollary 5.20: For X e Snig there is a canonical isomorphism A4 x (r) = M(r)\x Zar 
in D(Sh(X Zar ,Z)). 

Proof. This follows from Corollary 15.191 □ 



5.2.2 Some localization triangles 

We still keep the notation of section 15. 11 Let A be a smooth D-algebra. Let K be a n- 
simplex in the nerve of S. For t e £ n set C/ 1 := A®d Ct and F A ■■- {Spec(^4) x-s a\a e Ft}. 
Then as in section [5TT1 we get functors a^:£ n ->■ Cpx(Ab), t >-> z t fA (C a ), and a^-:£ n -»■ 
Cpx(Sh(5 Zar ,Z)). 

Now let oi,...,Oft € j4 be generators of A. Set A := (.A, k, (01, . . . , a&)) e 5. For 
(A', k', (a' 1 ,...,a' k ,))eS let J.® (A f , k', (a' v ..., a' k ,)) := (A ® D A', fc + (ai ® 1, . . . ,a fc ® 
1, 1 ® a^, . . . , 1 ® afc')) € S. Similarly for a n-simplex K in the nerve of S the n-simplex 
/J. ® K is defined. 

For if a n-simplex in the nerve of S we have a natural transformation -> d^if 
induced by the obvious inclusion maps of algebras. We denote by a^:£ n x [1] -> 
Cpx(Sh(5z ar , Z)) the functor corresponding to this natural transformation. 

For K a n-simplex in the nerve of S x [1] we let 7^ := L H (T T p (a A )x) Qn, where 
p is the functor S x [1] ->• 5 x [1]. 
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The glue to give a map 

7 A ^q: W - ^Cpx(Ab). 

We denote by j' A e Ho(Cpx(Ab) 5x M) the dia gram canonically associated to 7 . 

Lemma 5.21: The push forward of 7^[ _ 2r]|^ x | 1 | to D(Sh(Sm ) s , i z or ,Z)) is canonically 
isomorphic to RHom (Z[Spec(>l)] z nri -M(r)). 

Proof. This follows from the definition of 7^. □ 



Corollary 5.22: T/ie push forward 0/ 7^[-2r]|^ x | j to D(Sh(Sm5 j ^ ar , Z)) 
ca//y isomorphic to MHom(Z[Spec(A)]^ ar , A4(r)). 



is canoni- 



Proof. This follows from the fact that the map in Ho(Cpx(Ab)' 5 ) associated to 7^ is an 
isomorphism. □ 

Now let f'-A -> A' be a flat map to a smooth L>-algebra A', let a^,...,aL e A' 
be generators. We have functors a: S -*■ S, (B, Z, . . . , &/)) 1-* (A ®£> B, fc + Z, (ai <S> 
1,... ,a k ® 1,1 ® . . ,1 ® bi)) and 6:5 ^ 5, (B,Z, (61,... ,6;)) (A' ® D B,k' + l, (a[ O 
1, . . . , a^,, ® 1, 1 <S> 61, . . . , 1 <8> 6;)) and a natural transformation a -*■ 6 induced by /. We 
let G'-S x [1] ->• <S be the corresponding functor. 

Let IT be a n-simplex in the nerve of S x [1]. Let ag^- : - &G{K)- 

We have a natural transformation 5^ -> d^- induced by /. Let a^ K -£ n x [1] -»■ 
Cpx(Sh(5^ ar , Z)) be the corresponding functor. 

We have a natural transformation cJ^ K -> asf^ induced by the natural inclusion 
maps of algebras. We denote by a, K -£ n x [l] 2 -»■ Cpx(Sh(,f>£ ar ,Z)) the corresponding 
functor. 

For K a n-simplex in the nerve of S x [l] 2 we let 7^ := L H (T o T p (a^)K) °Q[n, where 
p is the functor S x [l] 2 -+5x [l] 2 . 
The 7^. glue to give a map 

7 / : ^M 2 ^Lj C px(Ab). 
We denote by 7} e HoCCpxCAb) 5 ^ 1 ] ) the dia gram canonically associated to y . 

Lemma 5.23: The push forward to D(Sh(Sm<j ! .z cir ,Z)) of the map in Ho(Cpx(Ab) 5 ) 

associated to 7/[ _ 2r]]^ x j- 1 -| x | 1 j is canonically isomorphic to the map 

RHom (Z[Spec(^)]z ar , M(r)) -> RRom (Z\Svec(A')]za r ,M(r)). 
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Proof. This follows from the definition of 7^ . 



□ 



Corollary 5.24: The push forward to D(Sh(Sm5 2 or ,Z)) of the map in Ho(Cpx(Ab) 5 ) 

associated to ^ [ — ^ 7 *]l < Sx[i]x{o} ^ s canon i ca ^y isomorphic to the map 

RRom (Z\Svec(A)]z n r,M(r)) -> RHom (ZrSpecU')k,»-, M(r)). 

Proposition 5.25: Let i-Z X be a closed immersion of affine schemes in Sms of 
codimension 1 with open affine complement U . Then there is an exact triangle 

RKom (Z\Z]z„ r ,M(r - l))[-2] -» RHgm (Z[X] Znr , M(r)) 

^WHom(Z[U]z ari M(r)) -» WHam(Z[Z] Zar , M(r - 1))[-1] 
in D(Sh(Sms t zar, ^))> where the second map is induced by the morphism U -*■ X. 

Proof. Let A -> A" be the map of function algebras corresponding to i and A-* A' the 
map corresponding to the open inclusion U c X. 

For K a n-simplex in the nerve of S we define a functor a n K -£ n x [l] 2 -»■ Cpx(Ab) by 
sending (t,0,0) to z r F }„(C t A "), (t,l,0) to ^(Q 4 ), (t,l,l) to ^(Q 4 ') and (t,0,l) 

to 0. Sheafification on S yields a functor a a K :£ n x [l] 2 ->■ Cpx(Sh(Sz a7 .,Z)). 
For if a n-simplex in the nerve of S x [l] 2 let 7^- := L H (T o T p (d°)if ) o g n . 
The 7^ glue to give a map 

7 n :P£ [1]2 -^Cpx(Ab). 

We denote by i n e Ho(Cpx(Ab) 5x [ 1 ] 2 ) the dia gram canonically associated to 7°. 

The square in D(Sh(Sms j z ar , Z)) associated to the push forward of 7^[-2r] is exact 
by |121 Theorem 1.7]. Moreover by Corollary 15.221 the entries in this square in the places 
(0,0), (1,0) and (1,1) are RHom (Z [Z] Zar , M (r - 1)) [-2] , MHom (Z [X] Zar ,M(r)) and 
WRom (Z\U] znr , -M(r)) , and the map from entry (1,0) to (1,1) is the one induced by 
the map U c X by Corollary 15.241 Thus by [14} Definition 1.1.2.11] we get the exact 
triangle as required. □ 

5.2.3 The etale cycle class map 

For X G Sms and F a finite set of closed immersions in Smg with target X we denote 
by c r F (X,n) the set of cycles (closed integral subschemes) of X x A n which intersect all 
Z x Y with Z e F u {X} and Y a face of A" properly. 
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Let U:=S[±]. Let m be an integer prime to p. Let /x® r -*■ Q be an injectively fibrant 
replacement in Cpx(Sh(Smf/ ie 't) Z/m)). 

Let X e Sm^/. For W a closed subset of X such that each irreducible component has 
codimension greater or equal to r set Q (X) := ker((/(X) -> £/(X s W))- 

As in [114 12.3] there is a canonical isomorphism of H 2r (Q w (X)) with the free Z/m- 
module on the irreducible components of W of codimension r and the map r<2 r Q W (X) -> 
if 2r (t? l/l/ (X))[-2r] is a quasi isomorphism. 

For .F a finite set of closed immersions in Smjy with target X denote by Q F (X, n) 
the colimit of the Q w (X x A n ) where W runs through the finite unions of elements 
of c r F (X,n). The simplicial complex of Z/m-modules T<2rQp(X, •) augments to the 
simplicial abelian group z^(X, «)/m[-2r]. This augmentation is a levelwise quasi iso- 
morphism. We denote by Q r F {X) the total complex associated to the double complex 
which is the normalized complex associated to T<2 r Qp(X,»). Thus we get a quasi iso- 
morphism Gp(X) -> Zp(X)/m[-2r]. 

On the other hand we have a canonical map Q F (X, n) -> Q(X x A") compatible with 
the simplicial structure. We denote by G'(X) the total complex associated to the double 
complex which is the normalized complex associated to Q{X x A*). We have a canonical 
quasi isomorphism G(X) -*■ G'(X) and a canonical map Q F (X) -*■ Q'(X). 

Thus in D(Z/m) we get a map 

z r F (X)/m[-2r] s ^(X) -> g'(X) = G(X). 

Our next aim is to make this assignment functorial in X for all maps in Smy. 
In the following we sometimes insert into the above definitions A instead of Spec(A). 
Let I be the category 0^1->2<^3<-4. We denote by S p the full subcategory 
of S such that p is invertible in the algebras belonging to the objects. We use the 
notation of section 15.11 Let K be a n-simplex in the nerve of S p . We assign to K 
the following functor a' K -£ n x I Cpx(Ab): (t,0) » a K (t)/m[-2r], (i,l) h> G Ft (C t ), 
(t,2) h> Q'(C t ), (t,3) ^ ^(Cj), (i,4) h> ^(^ Vn ( t )). Sheafifying on f7 Zor . yields a functor 
a' K -£ n x I -> Cpx(Sh(U zar , Z)). These functors are compatible for monomorphisms in 
A. 

For X a n-simplex of the nerve of S p x I let 7^ := L H (T o T^d')^) o g n , where p is 
the functor <S P x / -> S p x I . The 7^ glue to give a map 

7 / :Pj. X/ -^Cpx(Ab). 
We denote by 7^ e Ho(Cpx(Ab) <SpX/ ) the diagram canonically associated to j 1 . 
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The push forward of the /-diagram in Ho(Cpx(Ab) p ) corresponding to the diagram 
Yj to D(Sh(Sm[/ ! z ar ,Z)) is an /-diagram of the form (M(r)/m)\u = • -»• • = • = ^e*Hm 
which yields the cycle class map. 

Next we wish to show the compatibility of this cycle class map with the original 
cycle class map defined for flat morphisms. 

If in the following notation a collection F of closed subschemes is missing we assume 
that this F is empty. For K a n-simplex in the nerve of Sp (with the obvious notation) 
we define a functor a'^-£ n x J -*■ Cpx(Ab) in the following way: (i, 0) <-*■ z r (A^ n ^)[-2r], 
(t,l) - g r (A Vn{t) ), (t,2) - g'(A Vn{t) ), (t,3),(t,4) - SOW))- Sheafifying on C/ 
yields a functor 6t'^:£ n x I -*■ Cpx(Sh([/^ ar ,Z)). There is an obvious natural transfor- 
mation 5^- -> a' K . We denote by ax'-Sn x /x [1] -+ Cpx(Sh([/^ ar , Z)) the corresponding 
functor. 

For A' a n-simplex of the nerve of Sp x J x [1] let 7^ 1 "' : = L H (T oT p (a) k) ° q n , where 
p is the functor Sp x / x [1] ->■ Sp x / x [1]. The 7^ 1 "' glue to give a map 

7 /x[1] ^g X/X[1] -^Cpx(Ab). 

We denote by 7/ x [i] e Ho(Cpx(Ab) 5 p x ' f>< [ 1 ]) the diagram canonically associated to 7^ X M. 

cfi 

The push forward of the / x [l]-diagram in Ho(Cpx(Ab)*p ) corresponding to the 
diagram 7j x r-n to D(Sh(Sm^ Zar , Z)) is an Ix [l]-diagram where the subdiagram indexed 
on / x {0} gives the old cycle class map and the subdiagram indexed on I x {1} the new 
cycle class map restricted to flat maps. Thus the two cycle class maps are canonically 
isomorphic (over flat maps). 

Corollary 5.26: For X e Smjj the cycle class map A4 X (r)/m -*■ Re*Z/m(r) from sec- 
tion&is canonically isomorphic to the cycle class map (M(r)/m)\u Me*/i^ t r restricted 

to Xzar- 

Now we also use the notation of section 15.2.21 We assume p is invertible in A. For 
a n-simplex K of the nerve of S p we define a functor (o/)^:£ n x I -> Cpx(Ab) in the 
following way: (i,0) ~ a£(*)/m[-2r], (t, 1) ~ G r F AC t A ), (t,2) » G'(C t A ), (t,3) - 

G(C A ), (t,4) h> Q(A ® D A^)). Sheafifying on U Zar yields a functor (a')£:£„ x / -+ 
Cpx(Sh(C/z ar ,Z)). These functors are compatible for monomorphisms in A. 

We have a natural transformation (6?)^ -*■ ol a%k induced by the obvious inclusion 
maps of algebras. We denote by 'a A \:E n x I x [1] -»■ Cpx(Sh(£/zari^)) the corresponding 
functor. 
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For K a n-simplex of the nerve of S p x I x [1] let 7^-' /x ^ 1 "' : = L H (F o T p (a^)x) <?m 
where p is the functor S p x J x [1] -»• S p x / x [1]. The 7^-' /x ^ 1 "' glue to give a map 
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A/x[l] :2? Jx/x[l]^ L ^ Cpx(Ab) _ 



We denote by 7^/ x ni e Ho(Cpx(Ab) 5pX/x [ 1 ]) the diagram canonically associated to 



l,/x[l] 

The push forward of the / x [l]-diagram in Ho(Cpx(Ab)' Sp ) corresponding to the 
diagram 7^^^, to D(Sh(Sm^ ) ^ ar ,Z)) is an / x [l]-diagram where the subdiagram in- 
dexed on I x {1} gives the functor MHom(Spec(A), _) applied to the cycle class map 
(M(r)/m)\u^Me^Z- 

Corollary 5.27: The subdiagram indexed on I x {0} of the above I x [1] diagram in 
D(Sh(Sm{/ ) ^ ar , Z)) yields a map canonically isomorphic to the map 

lHom(Spec(^), (M(r)/m)\u) ~* ]RHom(Spec(A), Me*/i® r ) 

induced by the cycle class map. 

Let v- Z -* X be a closed immersion of affine schemes in Sing of codimension 1 with 
open affine complement V. The exact triangle 

mgm (Z[Z] Zar ,M(r - l))[-2] - mgm (Z[X] Zar ,M(r)) 

^WHom(Z[U]z ari M(r)) ^WHom(Z[Z] Zar , M(r - 
in D(Sh(Sm5 ) ^ ar ,Z)) from Proposition 15.251 yields an exact triangle 

WHom (Z\ Zrr]z* r , (M(r - l)/m)\rr)\-2) -» RHom f Z [Xy] Zar .(M(r)/m)\,r) 

-> RRom (Z\V,j]za r , (M(r)/m)\u) - RHom fZ^]^ (M(r - l)/ro)|tf)[-l] 
in D(Sh(Smc/ z ar ,Z)). 
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Proposition 5.28: Let the notation be as above. Then the diagram 



mgm (Z[Zu] Zar , (Mir - l)/m)\u)[-2] > Re„ lHom (Z[Zg] e ^, uT~ 1} )\-2] 



RHom (Zr Zu] Zar , (Mir - l)/m)\ n )\-l] >• Re, RHam (ZrZ r rl tt. , uT~ 1} 



where the first vertical row is the exact triangle from above, the second vertical row is the 
corresponding exact triangle for etale sheaves and where the horizontal maps are induced 
by the cycle class maps, commutes. 

Proof. Let A -»■ A" be the map of function algebras corresponding to i and A -> A' the 
map corresponding to the open inclusion V -*■ X. We let J be the category which is 
defined by gluing the object (0,0) of [l] 2 to the object of [1]. We call c the object 
1 of [1] viewed as object of J, the other objects are numbered (k,l), k,l e {0,1}. Let 
->■ Q be an injectively fibrant replacement in Cpx(Sh(Srmy ie 'j,Z/m)). We let Ht(n) 
be the colimit of the G w ((SpecC^) xA"), where W runs through the finite unions of 
elements of c r_1 (SpecC/ 1 ,n). We denote by Tit the total complex associated to the 
double complex which is the normalized complex associated to r^r?^^)- We have an 
absolute purity isomorphism (p from the sheaf Srrif/ 3 Y ker(Q(Y x s X) -> Q(Y x x V)) 
to Smjj 37h> Q(Y x s Z)[-2] in D(Sh(Sm[/ >e 't, Z/m)). This can be lifted to a map of 
(complexes of) sheaves since the target of the map is injectively fibrant. We denote any 
such lift also by (p. We let Q r ~ l and Q' be the analogues of Q T and Q' (and in the first 
case also with the cycle conditions). 

For K a n-simplex in the nerve of S p we define, using cp, a functor 



mam (Z[Xu]zar, (M(r)/m)\u) 



>Re* RHom (Z\Xr r ]^ut r ) 



mom(Z[Vu]zar, (M(r)/m)\u) 



>Re, RHom (ZrV?/U,/ig. r ) 




x I x J -> Cpx(Ab) 



by sending 



(t,0,c) to 4-i,,(q*")[-2r], (t, 0,(0,0)) to z r F }„(C t A ")[-2r], 

(t, 0,(1,0)) to z r pA (C t A )[-2r], (t, 0,(1,1)) tok A ,(Q A ')[-2r], (t, 0,(0,1)) to 0, 
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(t,l,c) tog r -}„(C t A ")[-2], (t, 1,(0,0)) to H t , (t, 1,(1,0)) to ^(Q 4 ), (i, 1,(1,1)) 

to g r F Acf), (M,(o,i)) to o, 

(t,2,c) to e'(Cf)[-2], (4,2,(0,0)) to kev(g'(C A ) ^ g'(C A ')), 

(t,2,(l,0)) to G'(C t A ), (i,2,(l,l)) to S'(Cf ), (i,2,(0,l)) to 0, 

(t,3,c) tog(Cf' )[-2], (t,3,(0,0)) to ker(g(Cf) - g(C/')), (i, 3,(1,0)) to g(C t A ), 

(t,3,(l,l)) to g(C A '), (i,3,(0,l)) to 0, 

(i,4,c) to g(^" ® D A^ (t) )[-2], (i, 4,(0,0)) to ker(g(^ ® D A^ (t) ) - ® D 

A Vn{t) )), (t, 4,(1,0)) toS(A® D ^ n(t) ), (t, 4,(1,1)) tog{A'® D A Vn(t) )B.nd (t, 4,(0,1)) 

to 0. 

Sheafifying we obtain a functor a^: £ n x/x J Cpx(Sh(5'^ ar , Z)). For K a n-simplex 
in the nerve of S p x I x J we let 7S- := L H (T ° T p (c(' 7 )k) Qn, where p is the functor 
S p x 7 x J -> <S P x j" x J. 

The 7^ glue to give a map 

7 -:Pj;^^^Cp X (Ab). 

We denote by % € Ho(Cpx(Ab) 5 f x/x J ) the dia gram canonically associated to 7 . 
The commutativity of the push forward of the corresponding / x J-diagram in 
Ho(Cpx(Ab) 5 f ) to D(Sh(Sm[/ iZar ,Z)) shows the claim, using Corollary 15.271 

□ 

5.3 The naive G m -spectrum 

Proposition 5.29: There is a canonical isomorphism 

M{r- 1)[-1] = RHom(Z[G m ,s, {l}] Zar ,M{r)) 
in D(Sh(Sm5^ ar ,Z)). 

Proof. By Proposition 15.251 there is an exact triangle 

M(r-l)\-2] -» WEom (Z\Al]z n . r ,M(r)) -» W3am (Z\G mi (j]z m ..M(r)) - M(r-1)\-1]. 

There is a split RHom ( Z [ G m ,g 1 Znr ,M(r)) RHpm (Z[A^]g ar , M(r)) induced by 
{1} c G m> 5 and the A 1 -invariance of Ai(r). This induces the required isomorphism. □ 

We thus get a naive Z[G mj s, {l}]^ ar -spectrum M. (in the sense of [I6j I 6]) in 
D(Sh(Sm5^ ar , Z)) with entry .M(r)[r] in level r. We also denote a lift of A4 to the 
homotopy category of Z[G m] s, {l}]zar-spectra by M.. 
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